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k  PROBABILITY  PtXPXm  OF  OPTIXAi*  OOSTROL 


i7SSR  - 


C7ol3.o»lBe  is  a  tranfflatioa  cf  «e  artisls  by  Airv-iovi- 
oiaa  A.  H.  Kolno^oroT.  i*.  F.  Mi.eht:h»r>ci ,  »iA  ; 
dandcian  L.  S.  Foptiyagin  cf  the  Jia'^ae'^iar^eal  L  stl- 
tutc  I’aeni  V,  A,  iJtsklcv,  Aaadeagr  of  Sclerrcss 
In  tha  Ruasl&.^>langui7e  p«rxt»iloal 
naak  S5SR  (Rsporta  froa  the  Aeaden^  of  Sexenses 
BssSfr^l  1^5.  Ho  5,  Fioaw/  1962,  pagej  9‘^>.995.3 

Let  P(a.  X.  T.  ^)  — be  the  probability  density  of  lltjrtcov'e  process 


in  an  n-dinensienal  Eiiolldian  epeee  ff,  (  <>  3>,  enb;)oet  to  KoLeogorofr^s 
equation^l) 

^  +  I  n'-  +  S  *‘'(a,  X)  -0-  =  0.  (i) 


^  /-i 


Let  the  sooend  polr.t  a  cove  in  the  saae  space  in  aeeordsnoe 

with  the  law  s  «  z(t).  The  vicinity  of  point  i  aoree  along  vith  it} 
this  spaca  is  bovtnded  by  a  closed  atirface  S,=:z  (f)*f  &£,  whien  is  oioilar 
to  a  fixed  sorfaee  X  $  the  sisdlarity  coefficient  e  being  eoall  (for 
sinplioity  ve  shall  consider  I  a  sphere  of  a  nrilt  radius  in  the  fol- 
lo»fiug  text).  It  is  required  that  ve  detersdne  th^^  probability 
i>{o,  X,  X)  that  the  random  point  whose  transition  density  Is  subject  to» 

I  (1)  for  sxasqple,  will  Intereset  the  surface  Xt  within  the  time  _ j 


1 


I  interml  <  ^  . 

This  :>rohI«i  was  Dolrsd  bj  Te,  T,  Mishchenko  firi.  L.  3,  x -irt’yv.gin 
in  tbelr  wort(2)  xelatsd  to  tho  nssda  of  optisttl  eontroX.  Hosetw, 
ths  sporaziasts  forRul*  ior  the  probability  t.  c.  talr.sxl  ir,  this  vc.rk 
prorad  to  be  eaid»«ir8oae  sad  ill  sedtod  for  ferthsi  utilization. 

A.  N.  Kolaogoror  haring  fanHiarised  hiinsalf  vith  rsf^rsnes  (2) 
proposed  on  tha  basis  of  eonsl deration  of  yrobabilities  &ncta>.r  cons5-> 
derably  simpler  expresslxsn  for  tho  app.-oximatlon  cf  Yo.  F.  Mishohenko 
and  I..  3.  'r'on-cst.in,  ’Tovorsr,  ha  offered  r.r  proof. 

Zt\  tl*  pr*s««t  a.»“M<ila  there  are  Xwgoror’s  for.tula  and. 

Its  proof  v-^wpoecd  br  F.  *d.“hch,cuko  and  I.  S.  PontryaitLn.  Thi.s 
proof  is  based  on  exprtjsuions  c  ted  5n  I'afti^.o* 

Ti  le  jfnoarvj  (sf  (2))  that  Ihe  prtbabiXli:,  ’J;  it;,  X,  i) 

Is  a  solution  of  equation  (.1)  and  s&tleftbs  thx<  rt.:ul»Ns?iient.^ 

j;  (T,  j:,  t)  0,  t  (c,  V.  t)  =:  {.  (2) 

A.  S,  bolxogoreT  propoeod  foUcwlng  foraul'^  the  principal 
portion  (6,  Jf,  T,  p)  of  the  probability  ; 


K  (■:>,  X,  T,  e)  ~  (r:.  a,  s,  ^  (s))  ^  Cy.  ds, 

*» 

a 

vbare 

J  dn  ’ 


1^) 


(4) 


.<4,  is  a  linoar  transform  la  ^  =  >l,|^..uhich  roducss  the  differentia,! 

n 

form  2  (**  ^  (®))  ^  ^ 

la  a  hanaonlo  function  satisfying  the  roquironsnts 

.  2  - 


« 


^  (*.  I)  i  I  ^  *S;  w  (s,  -*  Q  for  ]  |  j  ->  oc 

Indirectly  It  le  Terifled  tljmt  the  function  K  (0,  A,  T,  fc|. 
datewtned  '>y  forBul*  (3)  »Atl8riM  equation  (1)  otrtaid#  of  imnt  (s'! 

Wa  ^hall  show  thst  in  a  oertailn  sneolaJly  seleotod  sunll  sHiy- 
«oid  with  its  center  at  point.  (<3),  tne  fonetion  K  (o,  A',  T,  e) 
and  tre  j\M.ation  '-K  (a,  A,  t.  r),  viv'c^.  is  ioustracte-i  in  iv'oroneo  (2) 
and  which  is  the  princii'^1  p'jrw^.on  of  the  nr*oba:'ility  V  (s,  A,  t),  -’o 


not  diffe;  ’’'.n  c.-esencc”,  ti.at  is,  they  toinchtie  with  p.n  :r  of 

(?  (e)  f?r  T  —  .5  E  and  uhe^  y/  0(l)  f .  ■  ^  j  C. 

Har.ic,  by  Tirtue  of  lef::na  3  ref^renct  iu  fonfV,;.  ■'‘i:at 
K  (s,  X,  t,  e)  =  T  (3,  A,  T,  t). 

In  order  to  prove  it,  va  arall  irtrwiuea  in  .ho  wpaco  (a,t)  raw 
coordinates  defined  by  forwC.  as  2  C  2  (Of  O  <  ^  S,  so  that 
A'  ^  -1-*  <  (o),  :/  T}  -h  2  (s).  I-«t  us  aasuKS  furthsr  that  ^  ~ 

For  thif  aabntittjlion  of  coordlruite»i  the  funotion  K  {s,  X,  T,  s)  will 
be  tran3fc''*:’s*i  infc  function  Q  (ij  ,  ®)'  function 

T  (  5.  f,  t  t)  i'-’to  fr-'wticn  o  ( j ,  \\  e).  Apparently, 


(o  ,  T,  t)  ---  \  V  (O.  I,  5,  0  3  (5)  ^5, 

«» 

wheii?  * 

^  (<3,  L  ■?,  'i)  -=  p  (ij,  4"  2  (:),  3.  /i^'Ti  4-  Z  (a)). 

''he  funoticij  q  [o  ,  X,  T,  r|)  : a  funda^'sntal  9orLvrt.lon  of  th® 

parabolic  eq  .  xticu  obtained  cquatl^.i  (l)  vi'.h  a  S'oibstit.ution  of 

'  coordinates 


(5) 

(«) 


3  » 


j  In  vt«emo0  (2)  it  if  fl»wn  that  th*  function  '3>  (o,  t,  e) 
for  1 1]  SB  e  diffora  only  "non-ofsontially"  froa  tU«  mfgnitado  CS  (<7), 
vhioh  is  ebtfinod  in  tho  following  aanner.  Lot  us  soIto  tha  DlriehXet 
problaa  for  tho  aquation  Alff  ^  0  subjoet  to  oondltlono 

(a»  «=  1,  tt?(a,S)— 0  I  M 

Roro  Ha  if  on  olllpfoid  cbtainod  froa  tho  aphoro  eS  by  trcjuforMtion 
A  a,  Aa  v>  hi'tow,  tha  fitiotlon  w  (c,  any  bo  profontod  in  ::ho  fora 

®  (a.  5)  =  +  n  (3. 1,  e),  (7) 

whoro  n  (3,  Is  &  pctanti?-!  of  a  douMa  layer  formed  V  the  alllp- 

soid  Hg  at  point 

It  i3  not  difficult  to  as^.ablish  tho  relatlorjshit  batveen  C  (o) 
•I'dP  ((j), which  figuro  in  forrola  (^).  Lnde^d,  If  wa  take  into  aoeount 
tha  fact  that  iha  integral  of  tha  normal  dorivativo  or,  iurfaoa  Hg 
with  refpaot  to  potential  of  the  doubla  ].ayar  11  (cr»  |»  S)  ia  equal  to 
taro,  than  diffarantiating  tho  right  and  left  p‘;>rtion£  of  axpraasionf 
(?)  along  tha  nonaal  to  //«  and  then  integrating  over  Hg  «  va  will 
danonatrata  that 

P  (3)  «  f  ln(2  ^i)  “  (®)»  (S). 

whara  F  is  a  gaimna-fimotion. 

Wa  ahall  show  that  Kolnwgorov* a  function  Q  (3,  T,  e),  dateral- 
ned  by  formula  (5)  alao  dlff era  only  "non-aasantlally"  froa  a  (o)  for 
|J5|  =  e.  J 


-  4  - 


I  iM  wiXvMbimem  of  rofor««eo(^)  it  7 

out  bo  Atm  Xiirtt  of  oU  that 


^  (3»  I,  T,  e)|j.,,  e«-~*  (cr,  (s)  ds  4*  o(l}, 

vk.«j!His  'f  (c?»  It  ^))  Qro«??*a  functioa  c^f  fno  hoot  tr*7ur«i#»tori 


i^) 


oeattioftt 

r(o.  It  5.  ii)  —  — , — - — e- 1 --’ft 
|4ji  ( s  — 

Lot  v.n  s%3.c'al«t«  tho  jsos'r^.ti^o  <it  t-  a  \  <>  % 

t  V 

for  I  ;!,  -■■=  R.  wss  Layc  •■• 


(10) 


0) {■’)  ds 


i.;.  f';ii;|,,,5(4)d4=. 

o 

t 

1''*'-®  V  (c,  |.  S.  G)  I,  .  J  [i  (3)  3  f>;)  __  3  f  j 

c 

B('c)e^'“2f  1 

■*  :;  TSTT”  \  - -■- 


T  '  \r':v,  s.  s,  'j)liti..,  rp (s) - 15 (1)1  ds. 


Lf.t  S  —  M  -■  ‘n’.^Tj 


(H) 


- L^.  -.iiilV-f  — +  <B/e  <3 

(4^^'*  . •(.'. -c5)'‘/~  (4r.)"-  i"'-*  <3,  T), 

IS  (> 

vh«r»  (u  («.  <5,  T)  i»  liialtod  for  t  —  a  <'  g  Rod  lutvo  a  m^^idirulo  of 
I  IJio  order  of  0(i)  for  T  —  a  e.  Cariyinf  out  iho  fabotltutloa  I 


i  X  «B  1/4^,  «•  tbtSX  ebtaia 

(4ji)»/*  1  7*^  4„«/s  *  \T  —  *(®)‘ 

FartlMr,  It  mb  b«  Mtily  damnatratidi  that 

T 

«"-*  5  T  (5.  S.  s.  0)  In  I  _,  [ff  (s)  -  ?  (s)i  ds  =  » (1 ). 

m 


(12) 


(13) 
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